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b) Drift space
% =0,k=0

1 ¢ 0
Me=M,=]10 1 0| (3.14)
001

¢) Quadrupole Magnet

The dispersion (3.13) vanishes since 2 = 0. With ¢ = £,/[F[ the transformation matrices are for
k>0

cosh ¢ ﬁ:sinhgo 0
M:=1 /lklsinhy coshyp O

0 0 1
(3.15)
SN
cos Msmcp 0
M.=1 _ /[Fsin¢ cose 0
0 0 1

These matrices describe horizontal defocusing, vertical focusing.

For k < 0, the matrices M, and M, are interchanged and we get horizontal focusing, vertical
defocusing.

d) Thin-lens approximation

In many practical cases, the focal length f of the quadrﬁpoie magnet will be much larger than
the length of the lens: '.

1
f—k—l>l

Then the transfer matrices can be approximated by

100
M.=]|1 (3.16)
: 0 01
1 00
M.=]1-Y10 (3.17)
0 01

Note that these matrices describe a lens of zero lengfh, i.e. they are derived from Egs. (3.14)
using £ — 0 while keeping & -£ = const. The true length [ of the lens has to be recovered by two

40



vt

drift spaces £/2 on either side, e.g.

0 1

, . .
14 00 1 L0) [1-5%5t-G 0
_ 1t _ . o ,
M=lo0o10]}]|-510 010 }|=1] -4 ,—"7,9., (3.18)
0 0 1 0 01 001 0 0 1

One might ask why the approximation has not been made by e;:pa.nding sin g, cos ¢, etc. in
Taylor series and neglecting higher powers of . However terminating the Taylor series at some
power results in a transfer matrix whose determinant is not unity. For instance, in third order

we obtain -
2
1-45 -5 0
M=| -} 1-40
0 0 1

which does not fulfil detM = 1. It will be shown later that this would violate Liouville’s

Theorem of phase-space conservation.

For accelerators in the TeV range, where 1/p? € !ki & 1/£, the thin-lens approximation is
excellent for the matrix description of the whole accelerator.

e)vDi'pole sector magﬁé:';
The matrices (3.12), (3:13) with k =0 describe a
perpendicular to the circular trajectory (Fig. 19).

“hard edge” dipole, i.e. the mignef ends are

 Figure 19: Dii)ole sector magnet

The transformation matrices are with ¢ = £ *

cosp psing p(l—cosyp) 1 £ 0
M,=| -isinp cosp  sing | M:=10 10 S (319)
0 o 1 ‘ 00 1

f) Rectangular ‘dipole magnet

In practice, dipole magnets are often built straight with the magnet end plates not perpen-
dicular to the central trajectory. A rectangular magnet can be derived from a sector magnet

M
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Figure 20: Rectangular dipole magnet and horizontally defocusmg magnetic
wedge )

by superxmposmg at the entrance and exit a “magnetic wedge” of angle § = /2, as shown in
Fig. 20. .

The deflection angle in the magnetic wedge is

It acts as a thin defocusing lens with 1/f = (ta.né)/p in the horizontal pla.ne, as a focusing
length with the same strength in the vertical plane. The horizontal transformation matnx for a
recta.ngula.r magnet is : :

1 00 cose psing p(1l- cosyp) "1 00

M,=1{ ltané 1 0 '—%'si.ngo cos sin ¢ stané 1 0
0 -0-1/J\ o N 0 1. 0 o0 1

Foro<€l, §=¢/2:

1 psing p(1— cosep) © cose psing 0
M.=]0 1 2tan¢p/2 | M,=| -lsinp cosp 0 (3.20)

Note that M, is exact for § = /2 while v < 1 has been used for M, only. We conclude that in
a rectangular magnet the weak horizontal focusmg of a sector magnet is exactly compensated
by the defocusing at the entrance and exit face. The magnet a.cqmres, however, a weak vertical
focusing of the same strength.

g) Quadrupole doublet

‘The transformation matrix of a system of dipoles, quadrupoles and drift spaces is obtained

by multiplying the matrices of each element in the correct order. An important example
is a quadrupole doublet consisting of a focusing quadrupole, a drift space and a defocusing
quadrupole. Figure 21 shows two trajectories (1,2) suggeatmg a tendency of both houzonta.l and

vertical focusing in:this kind of a.rra.ngement

42
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Figure 21: A quadrupole doublet consisting of a horizontally and a verti-
cally focusing quadrupole magnet. Trajectories 1 and 2 suggest that there
is a tendency.of snmnltaueoua focusmg in -both.the horizontal and vertical
directions.

The focusing action arises because trajectories entering parallel to the axis have a larger ampli-'
tude in the focusing than in the defocusing lens. Quadrupole doublets are indeed ‘the simplest
means of high energy beam focusing and imaging. We shall now derive the conditions for simul-
taneous imaging in both horizontal and vertical planes, treating the quadrupoles in the thin-lens

approximation and assuming fj,. = — fiefoc = f for:simplicity. The horizontal tra.nsfer matrix
of the doublet is (for meaning 'of symbols see Fxg 21)

Loo)(teo) (1 o0 1ot ¢ o)
Miowse = | + 1 0 010}l -+10f=1 -4 1+% 0| (321
0 01 001 0 01 0 0 1

1+4 ¢
Mdoub,iz ‘\—- "7% ‘ 1 —’i- (3.22)
0 0

The matrix element M,, = C’ = —¢/f? is called the ovérall refractive power of the system and
it is seen to be focusing in both planes. Somewhat sloppily one could say that a beam coming
from infinity (i.e. all particles perfectly parallel to the s-axis, z; = 0) will be focused in both
planes, as md.xca;;ed by trajectones 1 and 2 in Fig. 21. The effective foca.l length. fdw, for these

particles is .

favay = l e : LEEL (3 23)

Trajectory 3 in Fig. 21, however, illustrates that there are trajectones as_ well wh;ch are not
at_all bent towards the beam axis. -For practical applications one might therefore ask: What
happens to particles emerging from a point A at a finite distance a from. the first lens? Optical
imaging requires that there is.a point B at a distance b behind the second lens: where,all pa.rt:cles
emerging from A wnll converge. The horizontal t:aansiex mtnx fromAtoBis .



1 a0 1-4-4 a+b+v£+§?;—$‘-—;‘i’. 0

M, = Moz | 01 0 | = -5 l+{-& ¢
070 1 - 0 0
B o (3.24)

Again, M, is obté.ined if f is replaced by - f:

1+;;;%~a+;,+g_ss+(!_y_ge
ARSI 1-f-t (3.25)
0 0

Imaging from A to B requires, M, 2.= § =0, Because of det M. = 1, the matrix can then be
wiitten in thefoom =~ . T : NP

00" a2
0 1

m is called magnification of object A to image B. Obviously

"Tp=m-z, (irresi)’ei:tive of 2/, 1) o _ o (3.27)

Remark: If also Myy =C' =0 K(iv.e. ze(rbyovera.ll refractive power), the system is called a telescopic
system. . : . , Yt : . T :
The condition S = 0 is satisfied if

b 244i_ta 4

FTE el forM, (3.28)
’ s - 7—- : g b

a 7+—-,—-

?=%—‘5— —Z-y.  forM o (3:29)

There are ’twawa.ys' to inte}pr‘et:e"; Eqs (327-329) ‘

o If the parameter set f, ¢,a,bis a solution in the horizontal plane, then the'set'¥, &baisa

solution in the vertical plane, i.e. the roles of a and b are interchanged. This means'that in

. general horizontal and vertical images are in different planes. This is called “astigmatic”

 focusing. : . ' ) ,

Example: Consider 2/f'= 1 and a/f =3. Thenb/f = 1 and m, = =1 for imaging in the korizontal

. plane while b/f = 7/3 and m; = ~1/3 for imaging in the vertical plane. The vertical solution

e 7“»ci:yiijl}x’gat.e” ‘to the horizontal one would beé £/f =Yo/f=1,b/f =3, snd mm;: = ~1. The latter

one ‘means, of ‘ourse, that not ‘snly the horizontal and vertical ‘images are in different distances
from the doublet but alés'the respective objects. - . SR e

o To get the horizontal and vertical images into the same plane (“stigmatic” focusing), a = b

is required. Then '

my = === ;i— stigmatic focusing ’ (3.30)
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Equal horizontal and vertical magnifications m; = m, are obviously imp'ossible with stig-

matic focusing, using quadrupole doublets. Note that, while froe = =faesoc has been
assumed for Egs. (3.21-3.30), this latter statement applies for all kinds of quadrupole
'doublets. : S .

Example: {/f = 4/3;'a/f = b/ f = 2 yields stigmatic focusing with mz = —3 and m, = -1/3.
Figure 22 illustrates particle trajectories in a stigmatic focusing quadrupole doublet.

Figure 22: A stigmatic focusing qué.drupole doublet showing particle trajec-
tories that all start at the center of the object (za=24=0).

In circular accelerators and for beam transport along a transfer channel we are, in general, not
interested in imaging at all. Instead, we require small (or at least finite) beam envelopes for
any kind of particle source, i.e. for any location of the object plane. It will be shown in section
4.7 that, to achieve focusing in an alternating series of F and D quadrupoles, the separation
between two quadrupoles must not be larger than twice the focal length

L <2|f|

h) Accelerating section

Acceleration in the longitudinal direction is beyond the scope of this article. However, there is
also an effect on the transverse motion, which is now briefly addressed.

Consider a section of length £ with constant electric field E, in the longitudinal direction. The’

total momentum p of an ultrarelativistic pasticle (v=.c = const). then changes according to.

3-2 = ZE’ :const:p(s);p,+ ZE’ -8
p, = p(s = 0) is the momentum at the entrance of the section. The transverse motion of an
ultrarelativistic particle is described by (y = gorz) .. . .

g, 4,y
; dng - 2"‘; (T”ﬂ. P

@A
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which is a different type of differential equation than (3.5), because p(s) is not constant any
more. A first integral yields

dy — — dy ot _ YoPo
p(s)a: = const = y,p,, thus 2 =Y (s) = m (3.32)

Integrating once more we obtain

=gty P L2
¥y =y +v, eF, In(14 - s) (3.33)

With Egs. (3.32,3.33) and putting s =/ the transfer matrix is

1 2l.ln(1+ o2)
0

M. =M, =M= (3.34)
ey
where Ap = tE, -1is the momentum gain in the accelerating section. The main complication
with this transfer matrix is, that its determinant is not unity:

Po ’
det M = 3.35

Do+ Ap (335)

This is due to the fact that the equation of motion contains a first-derivative term, and it reflects

the effect of adiabatic damping (see end of subsection 4.4). Instead of (3.34), one often uses a
normalized matrix v

M 1 1 2f.ln(1+ %)
M;:M;:M': - — Aap Po
Vdet M P_L_.'i'AP 0 p.+.AP



